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B.W. HOPKWH, B.0. OHWLLIEHKO

O METOAE BETBEMN
W NMPUBJIMKEHHBIX TPAHUL

Beegenne. B pabore paccmarpuBaercs 3ajnaua
rnobanbHol onTUMM3aUMK (QYHKLHH MaTema-
THYECKOTO O/KM/IaHuS

F)=E f(x0)=[ f(x0)P.(d0), (1)

C BEPOATHOCTHOW MEpOH, 3aBUCsALIEH OT nepe-
MEHHOH X, METOJOM BETBeil M TPaHull, B KOTO-
pOM HCIMOJNBL3YIOTCS HE TOYHbIE, a NpUONHKeH-
Hbl€ OLIEHKH BETBEH.

B cnyuae 3aBUCHMMOCTH OT X BEPOSTHOCTHOM
MEpbl, HeNb2d 1A BbIYMCISHHS MaTeMaThHue-
ckoro oxkuaaHus GyHkumu f(x,0) B (1) BOC-
[O/Ib30BATHECA METOAOM IMMHPHUECKHUX AlMpokK-
cumanuid [1], Tak Kak A9 KasKO0ro HOBOTO 3Ha-
YEHHS X HY)KHO NMPOBOAMTL CBOM HAOMIOACHMHS
ciayuaiiHoro napametpa . Iloatomy, B anro-
pPUTME OTBICKAHHA TI70GATEHOTO MHHMMYMa
dyukimu  F(x) OyayT HMCMONb30BaTLCA MpPH-
OnuKeHHbIE OLIEHKM CHM3Y ee 3Ha4YeHWH, M0-
CTPOEHHBIE C MOMOLIBK) KACATE/ILHBIX B TOYKAX
v MuHopaut ¢(x,y,0) dynukuun [f(x,0), xax
UCTOUHHKA rnodaneHol nHbopMalMK 0 Hell.

Onpepenenne 1 [2]. Ilycts X - Tononoru-
uecKoe MpocTpaHcTBO, GyHKUHH F(x), x€ X, u

@(x,y), x€ X, ye X CcBs3aHbl YCIIORUAMHU:

(i) F(x)2¢@(x,y) nnaBcex xe X, ye X ;

(ii) F(y)=¢(y,y) nns scex ye X ;

(iii) pynkuua @(x,y) HenpepbiBHa 110 (X, y).
Torpa ¢ynkuun {@(,y), y€ X} nasbiBaotes
Kacare/lbHbIMH MUHOpaHTamu i F(x).

Onpenenenne 2. Oyukuus @(x, y,w), 3aBH-

cAlas OT cay4aiHOro napamerpa ), Ha3elBaeT-
cs CTOXaCTHYECKOH KacaTelbHOH MHHOPaHTOMH
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O METOJIE BETBEW U MPUBJTHXEHHBIX MPAHML]

ana F(x), ecnu ee MareMaTH4yeckoe oxuaanue ®(x,y)=E ¢(x,y,®) sABigeTcs Ka-
caTeNbHOM MMHOpaHTOM 1A F(x).

3ameuanune 1. AHaTOrMYHO OTIpEAEAIOTCA (CTOXaCTHYECKHE) KacaTelbHbIe Ma-
sopaHThl, [TusBckuii [3] paccmaTpuean HenpepbiBHBIE 10 (X, y) MHHOpaHTbl, Hopkun

[2] u3y4an HenpepbIBHBIE MO X PaBHOCTENEHHO MO Yy MHHOpaHTBI, a XaMHCOB [4]

paccMaTpHBAaeT BOTHYThIE, BO3MOKHO, PaspbIBHbIE M0 X MHHOPAHTBL.

JlocTaToyHO IIMPOKHI Kiace 3a4ay NMPUHATHA pelleHHi B YCIOBHUAX HeONpeje-
JIEHHOCTH OTIHUCBIBAETCS MOAENsIMHU THNA (1), B KOTOPBIX BEPOSTHOCTH pacrpele/eHus
CITyYaHHBIX MMAapaMeTPOB 3aBHCAT OT 3HAUSHHS [ETEPMHHHPOBAHHBIX MEPEMEHHBIX.
Huxe npeacTaBieHbl HEKOTOPEIE MPUMEPB] TAKHX 3a/1a4.

Ipumep 1 (pacrnpenenenue cepBucHbIX UeHTpoB). [Tycts MHOXecTBO X C R" —
Habop BO3MOKHBIX MECTOMOJIOKEHHI CEPBHCHBIX LIEHTPOB, MCMOJb3YeMbIX Wi 06-

CTY)KMBAHHA KJIHEHTOB, PACIOJIOXKEHHBIX B Toukax O€ © c R™. Croumocts obciy-
YKMBAHHA KJIHEHTA, PACTONIOKEHHOro B TOUKe € CepBHCHBIM LIEHTPOM B X paBHAETCA
v(x,0), rne ¥: X X0 — R - usmepumas no BTopoMy apryMmeHty ¢yHkuus. Ecnu

€CTh N CePBHMCHBIX LIEHTPOB PAaCrONOKEHHBIX B X' ,....x" € X , To cTOMMOCTh 06ciy-

. i 1 n
JKUBAHHS KIIMEHTOB paBHAETCA f(x,8)=nunlsjs,,w(xf,9), x:(x v X ) [Tpeano-
naraeTcs, YTO pacnpejefeHHe P, KIMEHTOB W3 MHOXKeCTBa Y — M3BecTHas QYHKLHA,
3aBHUCALLIAA OT Pacno/IOKeHWs CEPBUCHBIX LIEHTPOB x=(xl,...,x"). Llens coctout

B TOM, q"roﬁm-pasMecme n CEPBHCHBIX LIEHTPOB TaKUM CHOCOGOM, yToObl 001N
CTOMMOCTD OGCJIY}KHBaHHH BCEX KJIMEHTOB OblJIa MUHHMAaTBHOM:

[F(x) - J'y f(x,@)dPx(G)]—> min__ ., .

Pacnpenenenne p(0) KIMeHTOB Npu orpaHuueHu a(f) Ha eMKOCTb MO3ULIMK O
MOoeT ObITh HAHIEHO KaK pellleHHe 3a1a4u:

[, P©O)f(x.0)d0 — ming, .,
0< p(@)<a(@), O ©; j@p(e)de =b.

O6o3nauum p,(0), 6 € © — onTuManbHOE pellleHWe 3TOH 3aaauu, I@ p,(6)d0 =b.

Torpa 3agava onTUMAILHOIO pacripe/ie/IeHUs CEPBUCHBIX LIEHTPOB OyIeT UMeTk BHL:
1 .
F(x)=E, f(x,0)= EJ.@ p;(0)f(x,0)d6 - min _,,.

IIpumep 2 (ynpapnenue cueHapusaMu). [lpeanonoxuM, 4To ecTh KOHEYHBIH Ha-
Gop BO3MOXKHBIX cLeHapueB ©, HHAEKCHMpPOBaHHbIX MapameTrpoM 6. BeposTHocTH

p={py,0€ O} peanuzaumu 3TUX cLeHapHeB He GHUKCHPOBAHEL, HO BHIGMPAIOTCA HX

MHOeCTBA pE P={p3 10 pg Sa@’ee@;z&i@pe "_‘1}‘
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IpeanonomkHM, 4TO CTOMMOCTh BBITIOJIHEHHS CLIGHAPHS C pacrpeieNeHHEM BEpo-
ATHOCTH p 3ajaHa dyHkuueil ¢(p). Kaxnplii cueHapuii TipennonaraeT HeKOTOPbIE

3aTparbl fy(x, @), 3aBUCAIINE OT 3HaUEHMs NMepeMeHHOH x€ X M cay4aiHoH nepe-

MEHHOH (g, ONpeieNeHHOH Ha 3aBHUCAllEM OT € BEPOATHOCTHOM NPOCTPAHCTBE
(Q.Zg.Fy). Obosnaumm f(x) ={¢6 (X)=E,, fo(x.0),0€ 9}. Torpa npobnema co-

CTOWT B MoUcKe BeposTHOCTel p ={py, € O} ucxoaa cuenapues u pelueHus x Ans
MHWHHMH3ALMH OAKHUIAEMbIX 3aTpaT

[P+ e(p)=c(p)+ B peq o 00 | minep e
[lpn nposefeHUH TIpeABAPUTENBHONH TUHEHHON MUHUMU3ALUHU M0 P, TPUBOIA-

=3 * .
1ieif K ONTUMAJILHOMY paclipefencHHuio p (x), 3ajada nepenuchlBaeTcs B GopMe:

| F@y=min e (c(p"00) + 2 (0) = (") + ' (0.1 () | min e

Ora 3aaava seiaseTcs oOLIeH MHOTO3KCTpeMasbHOM 3aaaueii.
IIpumep 3 (nnaHMpoBaHWE [MPOM3BOACTBA B YCJIOBHMAX HEOINpPEIEIeHHOCTH).
Bonbuas c¢upmMa MOXKET MaKCHMM3MPOBATh CBOKW  OKHAAEMYIO TNpHOLLUb

F(x,y)=E, [ fley,0,)=0x- cy] C MOMOLIBIO BBIGOPA MPOHU3BOACTBEHHO-MOTPE-
OUTENBCKOrQ MiaHa {x, y}e Z:.= {x2 0:Ax<y, ye Y}, rie x — IaH [pou3BOACTBA
TOBapa; y — MiaH moTpebleHHs PecypcoB; ¢ — BEKTOp TEKYLIHX LEH MCTIONB30BaH-
HBIX PECYPCOB y; @, — BEKTOp CIY4aifHbIX OyAyIIMX PBIHOUHBIX LEH TIPOH3BEACH-

HbIX TOBAPOB, 3aBHCANIHNX OT obbema IMPOHU3BOACTEA X .
IIpumep 4 (aByxdTanHas 3afava cTOXacTHUECKOH onTHUMM3aumu). JByxotanHas
3a7aua CTOXaCTHYECKOH ONTHMM3ALIMK C NIPOCTOH Koppekuueit umeeT dopmy

[F(x) =cx+ E, minyey ) fl(wx))’] —min .y,
rae Y(x,w,)= {y 20: Alw )x<blw,)+ y}, X — BEKTOP MepeMeHHbIX MepBOro 3Tana;
Y — BEKTOp MEepeMEeHHbBIX BTOPOTO 3Tamna (BeKTop kKoppeklmn); A(w, ), b(w, ), g(w,) —

cryyaiiHas MaTpulia M BEKTOPbl COOTBETCTBYIOUIMX pa3MepHOCTEH, 3aBucAllMe
OT ciyyaiHOH nepemeHHOH ()., onpeaeneHHOH Ha BEPOATHOCTHOM MPOCTPAHCTBE

(Q,.Z,,P,), KOTOPOE 3aBHCHT OT PEllIeHHs X NEPBOro TAra.
ITpumep 5 (MakcUMM3aLMs CPEIHErO BPEMEHHN JKU3HM CETH). 3azauya UMeeT BUJT
max,e y [F(x) = E, f(z)], (2)
rae f(7) — dyHKUMA cIydaifHOro BpeMeHH AM3HM CETH; X — BEKTOP ONTHMH3HpYe-
MBIX [1apaMeTPoB, HANMpUMeEp, HHBECTHLIMK PECYPCOB B HJIEMEHTLI ceTH; E. — CUMBON
MaTeMaTHUEeCKOro oxkHaanus no 7. @yukuusa f(7) vuMeeT BUO
f(r)=max ; min .7, (x,0), (3)
rae z — MyTb M3 KOHEYHOrO0 MHOKECTBa myTed Z, coeauHsaomux "exon" u "Bemxoa"
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— Clly4yalHOE 3KCIOHEHLHANIEHO pachpe/ieNieHHOE COo

cetH; T, (x,0)=1(x,)In
l-w,

CpeaHuM 1(x,,) =€, X, BPEMS JKM3HH DIIEMEHTA € TYTH Z; mz{wze} — BEKTOp He-

3aBHCHMBIX C/Ty4aHHbIX YMCEJN, pABHOMEPHO pacnpeaeneHHeix Ha [0,1]; ¢,, — Heot-

pHLATEe/IbHBIE AeHCTBUTENbHBIE ukcia. OUeBHIHO, CyuaiHOe BpEMS KH3HHU 3/1eMEeHTa

CeTH 3aBUCHT KaK OT CTy4aifHOTO MapameTpa (), , TAK U OT BIOKEHHBIX B HEro MHBE-

ctuumit x,, . [MpoGnema cOCTOMT B HaXOkJeHHH rnobanbHOro MakcMMyma F(x) na

norycTuMoM mMHoxkecTse X . Ilpu aToMm
X ={x€ R™|x, 20, z=Lm, e=Ln(), ¥ ¥ "“x, <R R2 0}, ()

rae m — KOMMYECTBO MyTell coenuHArMX "Bxoa" M "Bbixon" cetH; n(z) — kolMye-
CTBO 3JICMEHTOB B MYTH Z; K — MHBECTHLMH, BJIOKCHHBIE B 2JIEMEHTBI CETH.
Kacatenbubie MHHOpPaHTHI AN QYHKINHA MaTeMATHYECKOTO OMKHIAHHS
¢ Mepoii, 3apucaiei or x. Eciin Mepa He 3aBUCUT OT X, TO KacaTe/IbHble MHHOPaHThI
D(x,y) dynxuun F(x)= Ef (x,®) JIerKo BBIYMCIWTE 4Yepe3 KacaTelbHble MHHOpaH-

THl @(x, y,®) NOABIHTErpaNbHbIX (PYHKIMH, a uMeHHO, P(x, v) = E@(x, v,@) [1, 5.

1. ITycte ©, =[a(x),b(x):| C R, ¢yHkuus pacnpenenenus P.(0) crporo MoHo-
TOHHA W HenpepbiBHA Ui BeeX x€ X, P.(a(x))=0, P.(b(x))=1. Torna dpyHkums

b(x)
F(x)=E, f(x,0)= Lm f(x,8)dP.(6)
¢ MOMOLLBIO 3aMeHbl nepemenHoi & = P, (6) moxer ObITh 3amucaHa B BUIE
I =
Feoy=[ /(5P €))dE.
KacarensHble MUHOpaHTHI QYHKUAW F(x) MOryT OBITh BbIYHCIEHBI C NOMOLIBIO Kaca-

TeNbHbIX MHHOPAHT MOJBIHTErPATbHON Ci10kHON DyHKUMH g(x,&) = f ():, Px_I (Jj)).

2. Ilycte B npenpiayiuem npumepe dyukumsa f(x,0)= f(6) He 3aBucHT OT X H
ABNSAETCH BIMYKIOH U quddepeHunpyemoii no 6 ¢ npoussoanoit fy(6)=0, 0O,

dynkums P;] (£) nmonyckaer kacarenbHble B yE€ X muHopauTel W (x,y,&) ansg Beex
£€[0,1]. Torna nns Beex O, 0 umeer MecTo f()= f(§)+ Jo (5)(8 —5). 3HauuT

FETENZ F(P EN+ fo (P EN(PT &) - P (©)2
2 f(P N+ fo (B N (w(x 3. 6) - B (D))=
= F (P EN - fo (B ENPE) + fo (B EDW (0, 3.6),

H, TAKAM 00pa3oM, QyHKUHA
O(x, y,6) = F (P HEN ~ fo (P ENP, () + fo (P (G0 (x, 3,6)

ABISETCA KacarensHOH MUHOpaHTO#R ana f (Px_1 &) .
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3. Hyets O, =[a(x),b(x)]CR, Pla(x)=0, a(x)=2— u P/(b(x))=1,
b(x) < 4o, dyukuus f(x,0), orpanuuena no 0 e [a(x),b(x)]. Hurerpuposanuem no
yactaM GyHkuMK F(x) = E, f(x,0) M0oKHO W30aBUTHCA OT 3aBUCHMOCTH MEpbI OT Tie-
PEMEHHOI:

FO)=E,f(x0)=] ") f(x.0)dP,(0)=

= £ =] fy(1OP0)d0 = £ (b= [ fo(x0)P(0)do.

4. Ilpeanonoxum, uro ©, =0, mepa P, (0) umeer rotHocth p,(6)>0, GyHk-
uun f(x,0) u p,.(0) nomyckaroT KacaTesJbHble MUHOPAHTBI BHAA '

?(x,3,0)= f(3,0)=¢(x,.0), w(x,5,0)=p,(0)—¢,(x,,0) 20,
rae
& (x,5,0) 0(x,.0)20 1 ¢ (v,y,0)=¢5(y,y.0) =0 ana mobeix x, y, 0.
3acdukcupyem Kakyr-HHUOYIb TOUKY Y, TOraa

?)
F(x)=E.f(x,0)= I@f(xﬁ)px—()dPy (8)=

ry(0)
f(3.0)
> FOO)~(5,.0)=<, 502(x..6) |dF, (0),

OueBuaHo, P(x,y) = Eyqb(x, v,0), roe

f(3.6)
Py (6)
ABIAETCA CTOXACTHYECKOH KacaTe/IbHOH B TOUKE y MHHOpaHTOM ana F(x).

¢(x’y’9)=f(y!9)_¢l(x’y19)—

¢, (x,.6)

Meton BerBell H rpaHun ¢ NpHOJH;KEHHbBIMH omeHKamH. PaccmaTpuBaercs
3aja4a rnobanbHOM MWHMMH3alUWH HempepblBHOH (yHkumu F(x) Ha MHOXKecTBe

X C R". Jlns ee peienus Huxe Oy/eT NPUMEHEH METOJ BETBEH M IPAHUL, HCTIONb-
3yIOLMH NPHOIMIKEHHbIE OLEHKH Ly, (Z) onTHManbHbIX 3HaYeHHH QyHkumit F(x) Ha
noaMHokecTeax Z C X crnemMansHOro Buza (CHMIJIEKcaxX, napasuieNiernurnenax |
T.1.). DYHKUHH MHOXKECTB Ly, (Z) nosyHenpepbiBHbI CHU3Y W CXOJATCS K HENpepbis-
HbIM (QYHKLIMAM MHOkecTB L(Z), ABJIAIOIIKMXCA OLIGHKAMH MUHHMAIbHOTO 3HAYSHMS
F(x) na Z.CaenaeM crenyromime mpearnoiokeHns:

a) myctb [(Z) — TouHas OLEHKA CHH3Y ONTHMAILHOTO 3HAYEHHUS F(x) Ha Z,
L(Z)<min, ., F(x), npuuem L(Z)=F(Z), ecny MHOXECTBO Z SBJIAETCH TOUKOH;

6) ana moboii mocneroRaTENEHOCTH MHOXKECTR Xy C X , N =1,2,..., cxoasiueii-
ca B Tononoruv KypaToBckoro kK HekoTopoMy MHOXkecTBY Z € X ¢ moboii nocneno-
BATEJILHOCTH HUHIEKCOB M (X ) — oo, HMEET MECTO
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limy_,., LMN(XN)(XN )< limy . L(X )= L(Z),
W, €C/TM MHOXKECTBO Z ABJIAETCA TOYKOH, TO
limpy_,.. LM’N(XN)(XN )=limy_,. L(X y)=L(Z).
B kauectBe OuUECHOK CHM3Y Ly 7(Z) W 3HaueHHs mine,[F(x)=E, f(x,0)]

(rme mepa P, B MaTeMaTHYECKOM OXWIaHWM E, 3aBUCHT OT X) MOXET BBICTYMNAaTh
Clenyowas Be/IM4YMuHa:

1 Mz

Lyiz 2= ¥

( M(Z) k=1

rae Y€ Z , Oy — HeszaBucuMble HabmoieHus cyvaiHoro napamerpa 6 ¢ mepoit Py

min ez ¢(x, y,05 ) , (5)

3apuKkcHpoBaHHOM B TOYKe y , a ¢(x,y,0) — croxacTHueckas KacaTe/lbHas B TOUKE

MuHOpaHTa GyHKUMH F(x)=E_f(x,0). :
AnropuTtm. B mMeToe BeTBel M rpaHyll HA Kax(OH UTepalud N HMeeTcs Teky-

uwee pazdueHue X, wHcxoaHoro mHoxkectBa X . Jna kaxaoro anementra Y e Xy

MMEIOTCS TEKYIas HIKHAA Ly, (yy(Y) npubnmkeHHas OLEHKa ONTHMAJIBHOTO 3HaYe-

* .
HUg F =miny F(y). O6o3Hauum Yy — pekopiHOE MHOMKECTBO pasOueHHs X,
T. €. Ly, ) (Yy)=minyes Ly (y)(Y). AJroputM MeToaa COCTOMT M3 MOC/IEA0BA-

TEJbHOCTH CIEYHOLHX OTepaLUii.
Ilar 1 (eTBnenue). BeibupaeTrca pexopAHOE MHOKECTBO Yy,

Lygy vy Yy)=minyes Ly yy(Y).
MuoskecTBo Yy npeicraBasercd B Bule 0ObEJAHHEHHS HECKOJIBKHX [MOIMHOMKECTR
Yaup €Yy, k=12,..., tak, uto Yy =, Yy, . Takum o6pazom HoBOe pasbueHHe HMeeT

BH]1 ZN‘H :(ZN \YN)U(Uk YNA’)'
Iar 2 (oueHka). [na snemeHtoB Y e Xy, HOBOro pa3bueHus Z,,, TepeBbl-
YUCAIOTCA TIPUOIHIKEHHbIE OLEHKH LMM,(V)(Y) ONTUMAILHOIO 3HAYEHHA F,;H

Gyukuun Fy(v) Hasnemente Y .

OTO MeTOJ BETBEH M HIDKHHUX TPAHHL, Ha KAKIOH ero WTepaluH HUCTOIb3YITCs
npUbIMKEeHHbIE OLIEHKH [TOJMHOMKECTB.
Teopema 1 (o cxonumocth). Ilycte F(x) — HenpepbiBHas GyHKLMSA, QYHKUUH

MHOKeCTB Ly (Z) u L(Z) ynoBneTBOpAIOT mpeanonokeHusam a), 6), a ans moboro

NOJAMHO)KECTBA pa3bueHus Z, BO3HHMKAIOLIErO B X0Je paboThl aIropuTMa, BLINOIHE-
HO limy_ ., M y(Z)=co. Ilpeanonoxum, 4rto pazOMeHUs OCYLIECTBIAIOTCA TakK, 4TO

JAUAaMETPBI MOTYYarOLIUXCA PEKOPIAHBIX MHOXKECTB Yy CTpeMATCs K HYJIIO, TIPH HEOor-
paHuueHHOM yucie fenennid. Toraa nocnenosatensHocts {Yy } Geckoneuna u s
Moboi NpeebHOM TOYKH Y PEeKOPAHBIX MHOMXKECTB Yy BBINIOJHEHO:

F(y)=min,y F(x).
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HMoxazarenserso. [locnenorarensrocts {Yy } GeckoHeuHa, Tak KaK MOAMHOMe-
) *
crea Y€ Zy He ynanstores. OBo3HayuM Yy — noAMHOMXeCTBO pasbueHus, conepixa-

oy *
1iee rinobanbHbIE MUHUMYM X , TOTAA U3 TIPEANONOKEHHS a) CIEIyeT:
® : *
L¥y)<min__. F(x)=F(x ),
XEYy

LMN(Y,;)(YN)S min, . F(-")*’LMN(YL)(Y;:)—L(Y;) =F(x')+ey (Y;)

rae €y (Y)=Ly, (yy(¥)—L(Y). Ouesnano, diam(Yy)—0 npu N — . TIpeanono-
KuM, uto lim,_,., YNk =y . [lokaxeM, uTo y — onTumanbHas Touka 3agaum. [Ipeano-
JI0XHM MPOTHBHOE, uTo F(y)—min .y F(x)=¢€ >0. Tak kak U3 npeanonoxeHui a),

0) cnenyer, uto lim,_,,, L(YNJE )=F(y) u, TaKnM'o6pa30M, L7149 JO0CTAaTOYHO DOAbLIMX
k uMeer MecTO
LYy )2F(y)-€/22min,.y F(x)+€/2.
Takum ob6pazom, s AocTaTOuHO GONBLIMX K
L(Yy,)2min,cy F(x)+€/22 L(Yy )+€/2,

* * *
rae x €Yy . 3aMeHsAs TOUHbIC HUKHWE OLEHKM TMOJAMHOKECTB Yy # Yy Ha npu-

6J'IH}KEHHI:IE, noay4vacm

LMN& (Yie )(YN" = LMNI: (1 )(YN* A BAT S LMNk (¥, )(YNt ) =LYy, )+ Ly, )~

* * ”
Ly v )(Ym =L, i )(YNk V+el2+ey (Yy )- En, (yNk )

*
Tak Kak Mo MOCTPOEHHIO AIrOpPUTMA YN‘, MOHOTOHHO YOBIBAOT M, TakuM 00pazoM,
CXOZATCA K HEKOTOPOMY TIPEIebHOMY MHOKECTBY, TO COrJTACHO MpeanookeHuto 6)
. » *
limy_.. €y, (YNA. )=llmk_,,,° En, (YNL )=0, nojly4aem MpoTHBOpeune, 4to ¥y - pe-
KOpAHOE NoAMHOKeCTBO. [TomyueHHOE MPOTHBOpEUHE 10Ka3bIBAET TEOPEMY.

Yucaennble pacyerbl. /(19 YMCIEHHBIX IKCMEPUMEHTOB PacCCMOTPEM 3ajayvy U3
npumepa 5. O6o3Haunm 7, (x,@)=min,., 7, (x,0) — ciy4yalHOE BpeMs JKH3HU MyTH

z, e(x,w)€ argmin ., 7., (x,0) . Torna GyHkumuu
@(x, Y z,W)= Tze(_v.a)) (x, @)
ABJIAKOTCA KAacaTe/IbHLIMM B TOYKaX y MaxopaHTamu ais 7, (x,@), GyHKiuM
O(x, y,0) = MAX e 7 T,y o (X, 0)
ABNAIOTCA CTOXACTHYECKHMM KAcaTe/IbHbIMU B TOYKAX Y MaXKOPAHTAMH U1 QyHKLUMH
f.(x,w)=max 7 T,(x,®) — cay4aiiHOrO BPEMEHH KH3HH CETH. DyHKLIMH

¢(x" y) = E‘[¢(x! y! m)
SABJIAIOTCH KacaTeNbHbIMU B TOUKAX y MakopaHtamu mis F(x).
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limy_ye LMN(XN)(XN) Slimy_,. L(X y)=L(Z),
U, €CJIM MHOXKECTBO Z ABJAETCA TOUKOMH, TO
limy_,., LMN(XN)(XN) =limy_,. L(Xy)=L(Z).
B kavectBe OUEHOK CHHM3Y Ly 7)(Z) W 3Havenus min,[F(x)=E, f(x,0)]

(rne mMepa P, B MaTeMaTHYeCKOM OXMAAHHH E, 3aBUCHT OT X) MOXET BLICTYINATh
cnenywllas BenHY1Ha:

1 M(Z)

Luizy(2)=—=2,u

M(Z)=*=

rae Y€ Z , Oy — HesaBucHMble HaOMoeHHs cllyqaifHOro napamerpa 6 ¢ mepoi Py

min,e 7 ¢(x,5,05), (5)

3aMKCHpPOBaHHOMN B ToUke ¥, a @(x,y,0) — cTtoxacTuyeckas KacarejbHas B TOYKE Y
muHopaHTa pyHkuun F(x)=E, f(x,0).

Anropurm. B MeToe BeTBEH M IpaHHL HA KOKI0H UTepaund N uMmeeTcsa TeKy-
wee pasbuenne X, HcxoaHoro mHoxectea X . Jlna kaxaoro anemeHtra Ye Xy

MMEIOTCS TeKyLLas HUKHAS Ly ) (Y) npubiikeHHas oueHka onTHMaNbHOTO 3Have-

nus F' =min yey F(y). O6o3nauum Yy — pekopaHoe MHOXKeCTBO pasbuenus Xy,
T. e Ly, ry(Yy)=minges Ly y)(Y). ANrOpUT™M METOJA COCTOMT M3 MOCHEN0Ba-

TENLHOCTH CAEAYIOLIMX ONepaLlHii.
Ilar 1 (seTeneHue). BeibupaeTca pekopaAHOE MHOKECTBO Yy,

Lyt vy ) =minyes Ly oy (¥).
MHoxecTBO Yy npencraBngercs B BuAe OOBEAMHEHHA HECKOJNBLKMX MOIMHOXKECTB
Yy €Yy, k=12,..., Tak, uro Yy =, ¥y, . Takum o6pa3zom HoBOe pazbueHue umeer

Bua Iy, =(Zy \YN)U(Uk YN!:)'
Ilar 2 (oueHka). Jlna anemenToB Y € Xy, HOBOro pazdueHus X,,, nNepesbi-
*
YHC/IAIOTCA NPHOJIHKEHHBIE OLEHKH LMNH(Y)(Y) ONTHMAJILHOIO 3HAYeHHs Fy .

dynkuun Fy,,(y) Hasnemente Y .

D10 MeTo/ BeTBEeH W HWKHHX IpaHHL, Ha KaXKI0H ero MTepauuH UCNONb3YIOTCH
NpUONIHKEHHbIE OLEHKH MOAMHOMXKECTB.
Teopema 1 (o cxoaumoctH). Ilycts F(x) — HenpepbiBHas QyHKUMA, QYHKUHH

mMuokecTB Ly (Z) u L(Z) ynaoBneTBOpsIOT NpeanosioxeHusM a), 0), a ana nroboro

noaAMHoKecTBa pa3dneHus Z, BO3HHKAIOLWEro B Xoje paboThl anropuTMma, BbINojiHe-
HO limy_,, My (Z)=-co. [Ipeanonoxum, 4To pazdHeHHs OCYIIECTBASAIOTCH TaK, 4YTO

JMaMeTphl NMONYYalOHXCA PEKOPIHBIX MHOXKECTB Yy CTpeMaTcs K HyJO, NMpH Heor-
paHuueHHoM uucie aenenuit. Torma mocnenosarensHocts {Yy } GeckoHeuna u ans
moboit npeaensHONH TOYKH y PEKOPAHBIX MHOXKECTB Yy BBIMOTHEHO:

F(y)=min,.y F(x).
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JokaszareancTBo. [locnenosatensHocThb {YN} DeckoHeyHa, TAK Kak IOJAMHOMKe-
: *
ctBa Y € X, He ynansiorcs. O603HauuM Y, — NOAMHOXKECTBO pa3zOHeHHs, comepiKa-

- *
uee rnodanbHbI MUHUMYM X , TOFJIa W3 MPE/INONOKEHH a) CleayeT:
* *
< mi . =
L(YN)_mmeyN F(x)=F(x ),

LMN(Y;)(Y,;)S min _,. F(x)+LMN(Y;)(Y,;)— L) = FO) +ey (V)

rae &y (Y)= LMN(Y)(Y)—L(Y). OuesunHo, diam(Yy)— 0 npu N — oo, [Ipeanono-
KUM, uto limg_,., Yy, =y . Tlokaxem, 4to y — onTimanbHas Touka 3aaauu. [peano-
JIO3KMM TIPOTHUBHOE, YTO F(y)—min, .y F(x)=¢€ >0. Tak kak 13 npenoioxeHui a),
0) cienyer, uro limy_,., L(Yy )=F(y) u, Takum oGpasom, U1 J0CTaTOUHO Gonbumx
k uMeeT MecTO

L(Yy, )2 F(y)=€/22mincy F(x)+£/2.
Takum obpa3om, Luis 10CTaTOYHO BONbLINX k

L(Yy,)2min gy F(x)+€/22 L(Yy )+€/2,

* * *
rae x €Yy, . 3aMeHsAs TOYHbIC HIKHHE OLEHKH MOAMHOXKECTB Yy u Yy —Ha npu-
OMIKeHHBIE, MOJTy4aeM

LMN& (YNk )(YN" - LMNk(Yi:'k )(YN*)+£/2+ LMN ( )(YN‘ )= L(YNk g L(YN.& )=

k YN&

Ly (1, )N = Ly, (v, ) y+el2+ey, (Y, )€, (YN* )

Yy,
Tak Kak 10 IOCTPOEHHUIO AJINOPUTMA Y:,t MOHOTOHHO YOBIBAIOT M, TakuM 0OpaszoM,
CXOIATCS K HEKOTOPOMY Npeie/bHOMY MHOMXKECTBY, TO COIIACHO NPEeAnonoKeHHro 0)
lim,_,_. EN, (YNk )=Iimk_,w EN, (Y,:,k ):0, nojyyaem npotusopeune, urto Yy — pe-
KOPAHOE NOJAIMHOMKECTBO. HOJ'IY'-IGHHOC MPOTHBOPEUHE JOKA3bIBACT TEOPEMY.

Yucaenusie pacuersl. J18 4UCICHHBIX 9KCIIEPUMEHTOB PACCMOTPEM 3aJady M3
npumepa 5. O6o3HauUM T, (x,@)=min .7, (X,@) — Clly4yaiHOE BPEeMA HKH3HH ITyTH

z, e(x,m)€ argmin 7, (x,m). Toraa dpyHkumu
(X, 3, 2,0) =Ty 0 (X, 0)
ABMAIOTCA KacaTelbHbIMH B TOUKAX Y Ma)KOPAHTAMM 1/ rz(:r,a)), hyHKUHK
P(x, y, ) =max Tae(y.w) (x, )
ABAAIOTCA CTOXACTMUYECKUMM KAcaTe/IbHLIMH B TOUKAX Y MAXKOPaHTaMH i QyHKLUHH
[, (x,0) =max 7 7,(x,@) — cly4alHOro BPEMEHH HKH3HH CeTH. DYHKLHH

¢(x,y) = E¢(x,y,0)
ABJISIOTCS KacaTe/JbHBIMH B TOUKAX y Ma)KopaHTaMu ais F(x).
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BapHaHTbl CeTell UIA MpOBEJEHHs PACYETOB W MX MAapaMerpbl MPeACTAB/IEHbI
B Tabn. 1. JIna ynoGcTea BBeIeHa CKBO3HaA HyMepallks 3/1eMeHTOoB ceTh. CymmapHoe
KOJIMYECTBO MHBECTHLMH B Kaxkayto K3 ceteil R =1. He TpyaHo 3ameTuTs, yTo Aomyc-
TUMoe MuOecTBO X B (4) npeacraBnger coboi CHMINEKC ¢ BEpLUHHAMH B Hadane
KOOPAMHAT M Ha KOOP/AMHATHBIX OCAX HA PacCTOAHWM R oT Hawana koopauHat. ITo-
3TOMY BETBJIEHHE PEKOPJHOTr0 MHOXecTBa OymeT OCYLIECTBIATLCS CHMIIEKCAMH 110
naubonbiemy pebpy. Konuuecrso nabmonenuit cinydaiHblX napameTpoB Ans Bcex

Touek oAMHaKoBO W paeHo 300. TouHoCTb pacuyeToB & =107°. Pesynbratel paboTsl
anropuTMa rnpeacrasieHs! B Tabn. 2.

TABJIMLIA 1. Buas n napamerpsl ceTei

a) b) . <)
Bua cetu @ ! 2 ! 4 1 2
3 4
ITapameTpsl c=1, =2, ¢,=10 c=7, =8, 63=5, ;=3 | -¢1=2, c,=1, €3=5, ¢;=8, ¢s=1

TABJIMLIA 2. Pesynstarst paboTsl anroputma

Bun Konuyecreo | Konuuecrso &
CeTH MEePEMEHHBIX urepauui
a) 3 325 (0,015254;0,000218; 0,967967)
b) 4 605 (0,001933; 0,006233; 0,059384; 0,930717)
c) 5 1060 (0,007926; 0,005440; 0,595933; 0,373085; 0,010956)

3akaouenue. B paGore paccmoTpeHa 3ajaua CTOXAcTHUECKO#H roGanbHOi on-
THMH3AIIHK, B KOTOPOH BEPOSTHOCTHAA MEpa Cly4aHHbIX NAPAMETPOB 3aBHCHT OT Je-
TEPMHHHPOBAHHBLIX NepeMeHHblX. Ha npakTuke 3agaud Takoro pona BO3HHMKAIOT J0-
BOJILHO 4acTo, H B paboTe mpeacTaBieHbl HEKOTOPbIE TIPUMEPLI 3THX 3a1ay. Jlna pe-
LIEHUS TAKOTO POYIA 33124 HEBO3MOXKHO HCIIONB30OBATE METO/] IMITHPHIECKHX amTpoK-
cumaruid. [ToaTomy Bo3HUKAET HEOOXOAMMOCTE MCITONB30BAHMSA MPHOIHIKEHHDIX OLE-
HOK 3HauyeHWH ueneBod yHKUMH. Mbl npejliaraeM CTPOHTh TAKHE OLEHKH C MOMO-
I(BIO KAcaTeNlbHBIX MHHOPAHT MOMABIHTErpanbHOH (QyHKUMH. Takxke paccMOTpeHs,
BO3MOXKHOCTH BBIYHCJIEHHMS KacaTeNbHBIX MHHOPAHT JUId (QYHKUMH MaTeMaTHYecKoro
OXKM/IaHHS ¢ MEPOI, 3aBHCALLEN OT JeTepPMUHUPOBaHHON nepementol, B paGote onu-
CaH alrOPMTM, HCTMOAb3YIOIMH BAPHAHT CTOXACTHYECKOrO METOA BETBEH M IPAHHMLI.
B Hem vcrnone3yroTes npHOJIMKeHHbIE HUAKHHE OLIEHKH MHHHMAThHOTO 3HA4YeHHs Ma-
TEMATHYECKOr0 OXKMAAHHUA LeNeBOH QYHKLHMH, MOCTPOEHHLIC ¢ HCMOIB30BAaHHEM Ka-
caTeNbHLIX MHHOPaHT NOAbIHTErpalbHON (DYHKUMH, a TakKe [JOKa3zaHa ero CXOAH-
MOCTb. B KauecTBe YMCIEHHOro 3KCMepHMEHTa pellieHa 3a/1aua MaKCUMH3aLHH Cpef-
Hero BPEMEHH YKU3HH CETH.
159
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B.I. HOPKIH, 5.0. OHHI[EHKO
IMPO METO/] 'JIOK 1 HABJIMKEHHWX T'PAHHULIB

Y poboti posrnsgaersea 3agada CTOXaCTHUHOT rnobanbHol onTuMisauil, y akiii iMmosipuicHa mipa
BHMA/JIKOBHX TapamMeTpiB 3aleKuTk BiA JeTepMiHOBAHHX 3MiHHMX. 3asHaueni criocobu nobynosu
NOTHYHUX MiHOpAHT mwia ¢yHkUiil Takoro Burnagy. OnucaHHi BapiaHT MeTONy FijoK i rpaHuib
3 HAONIMIKEHUMH MIHOPAHTHHMH OLIHKAMH ONTHMAIbHHX 3HAueHb UinboBoT GyHkuil. [Tpeacrasneni
pe3yNLTaTH YHCEJILHUX eKCIIePHMEHTIB.

V.I. NORKIN, B.O. ONISCHENKO
A BRANCH AND APPROXIMATE BOUNDS METHOD

The paper considers a stochastic global optimization problem, in which a probability measure
depends on deterministic variables. Some ways to construct tangent minorants for an objective
function of the problem are specified. A version of the branch and bound method with approximate
minorant lower bounds is described. Numerical experiment results are presented.
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