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3ama4a CTOXACTHYECCKOH IJ100AJLHOM OINITUMHU3AIHHA.

PaccMoTpuM 3a1a4y CTOXaCTHYECKOM IJI00AJbHOM ONTUMHU3AIUH:
min,_ [F(x) = Ef (x,0)], (1)

rae 6 - ciaydadHbIM mapamMeTrp, £ - CUMBOJ MAaTEMaTHYECKOTO OXHUJaHUA mo 6,
f(x,0) - HEKOoTOpasi HENpepbIBHAS MO X W MHTerpupyemas no 6 ¢yHkius, 6 € O,

(©,2,P) - BEpOATHOCTHOE MPOCTPAHCTBO 3ajauv, X - HEOPEPHIBHOE WU
TMCKPETHOE MHOXECTBO.

Onpeneaenue 1. [ITycte X — Tomnonoruyeckoe mpocTpaHCTBO, GyHKIUU F'(x),
xeX,ue(x,y), xe X, ye X, cBjI3aHbl YCIOBUIMH:

i) F(x)2@(x,y) nisiBcex xe X, ye X ;

ii) F(y)=@(y,y) msBcex y € X ;

iii) GyHKIUA @(x, y) HENpepbIBHA IO X PAaBHOCTEHEHHO IO ) .
Torga QyHkUM {(0(-, y),yeX } Ha3bIBAIOTCS KacaTeJbHBIMH (B TOYKaxX J)
MUHOpPaHTamMu Ui F'(x).



CtoxacTnueckue kacarejJbHble MHUHOPAHTDbI.

Omnpenenenune 2. Oynkiuu {@(-,y,0),ye X,0€ 0}, tne ©® — HOCUTEIb
HEKOTOPOTO  BEPOSATHOCTHOTO  MOPOCTPAHCTBA (@,E,P), Ha3bIBAIOTCS
CTOXACTHYECKHMH KacaTeJbHbIMM MHUHOPAHTAMM Jisd [F'(x), ecnu QpyHKUUH
¢(x,y,0) uzmepumsl o @, a MareMarudeckue oxuaanus @(x,y) = Ep(x,y,0)

KOHEYHBI U JUI KaXJ0ro y € X SBISIOTCS KacaTeIbHBIMU MHHOPAHTaMH JIJIs
F(x).

Jlemma 1. Ilpennonoxum, uyro GyHkmud f(-,6) NONYCKaeT KacamenbHble

munopanmul @(x,y,0) B TOUKax y € X, T.e. IOYTH JISI BCEX € BBINIOIHEHO:

1) f(x,0)>p(x,y,0) nnsaBcex xe X, ye X ;

2) f(y,0)=0(y,y,0) nuasBeex ye X ;

3) byukuus @(x, y,6) HenpepbiBHA MO (X, ) MOYTH s Bcex O]

4) o(x,y,0) - usmepuMa 1o 6 s mooObIX X,y € X;

5) ‘go(x, v, 6’)‘ <M(@) nng Bcex x,ye X ¢ HEKOTOPOH HHTETPUPYEMOM
dyukuuen M (6).
Torma dynxkuuu @(x,y) = E@(x,y,0) SBISOTCA KacaTeIbHBIMA MUHOpPAHTAMMU
U1 PYyHKIIMM MaTeMaThudeckoro oxxuaanus F(x) = Ef (x,0).



Cnoco0bI MOCTPOEHUS CTOXACTHYECKHUX KACATEJIbHBIX MUHOPAHT
(KacaTreJbHbIEC KOHVYCHI).

1. Ecitu pynkuuu f(x,6) aummuieBbl (T€IbAECPOBbI) ¢ UHTErpupyeMor mo 6
KoHcTaHTOM Jlunmmuna L(f) u noka3areneM « :

S0 - f(2,0)|<LO|x -2, Vi.¥ eXx, 0<ax],
TO B KayeCTBE KacaTeIbHOWM B TOYKE ) MHUHOpPAaHTH s f(x,0) MOXKHO B3STh
(YHKIHIO

o(x,,0)= f(»,0)~L©O)|x - y|".

;IF 2
@ x, ¥



Cnnoco0bI MOCTPOEHHUA CTOXACTHYECKHUX KACATEJIbHBIX MUHOPAHT
(KacaTeJbHbIC MAPA00JIONALI).

2. JInsa rimagkux mo x @yHkuuii f(x,6) ¢ IMIIIMIEBBIM IPAJUEHTOM (C KOHCTAaHTOM
L(f)) B KadyeCcTBE CTOXAaCTUYECKHUX KacaTE€IbHBbIX MHMHOPAHT MOXKHO HCIOJIb30BaTh
KacateynbHbIe K f(+,6) B TOUKaxX y MmapadOJOUb:

H |

2(x,,0) = £(3,0)+——|Vf (3,0)| -

2L(6?) —y—— Vf(y,0)

L(6)

F(x]

X

¥
@x, ¥

B sTnx npumepax BO3MOXHBI Pa3jIMYHbIE HOPMBI, HANPUMED, IJIs #-MEPHOTO

l |

n 2 /2
> zl.) w |z = max |z

=l 1<i<n

BEKTOPA z MOXHO MCIOJIb30BaTh HOPMY ||z|| :(



MeToa oCJe0BATEIbHBIX IMINMPHYECKUX ANINIPOKCHMAIIUIA.

AnnpokcumupyeM 3agauy (1) sMOMPUYECKUMHU CPETHUMU

n L [F () =(YN)Y. f(x,0M], )

rae 0° - HezaBucHMBIE HaOMIONEHUs CiaydaiiHoro mapamerpa 6. Eciu Qynkmun F, (x)

paBHOMEpHO cxoasaTcs kK F(x)=Ef(x,0), To BMecTo HUCXoaHOW 3aaadyu (1) mMoxkHO

peliath nNpuonmKeHHy0 3agady (2). Cnemyroimiee yTBepKIeHHE OOOCHOBBIBAIOT TaKOMU
MOAXO/I.

Teopema 1 (LeCam (1953)). [Iycts ¢pynkusa f(x,6) HenpepbiBHA 1O X IJIsl IOYTH

Bcex 0 € ® u u3mepuMma 1o 6 s Bcex x € X, X - kommakt B R”. Ilpeamnonoxum, 4To
cemeiicTBo { f(x,"), x€ X} paBHOMepHO HHTerpupyemo. Toraa ¢ BEpOSTHOCTBIO |

¢pynkunn F, (x) paBHOMepHO Ha X cxomdarcs K F(x) = Ef (x,0).
Oyuruun @, (x,y)=(1/N) Zj{vzl @(x,y,0"), oueBUHO, ABISAIOTCS KacameabHbIMU
munopanmamu 115 F,, (x).

BaxHO 3aMeTHUTh, UTO B ITAHHOM METOJI€ MOKHO HMCIOJIb30BaTh KaK (huxkcuposarmvle
3HaueHUs N , TaK U IIOCTEIICHHO Hapauwjueamsp €ro 3HadyeHue (T.e. N — o).



Moaudpukanuu Meroaa IlusaBckoro.

[Tycth uMeeM 3a1auy 0e3 00X OTPaHUYECHUN:

F(x) > min__,. (3)
Touka )’ € X npoussonbHa; @,(x,t) = ¢(x, ") . IlycTb yike IOCTPOEHBI TOUKH ), ..., V" € X .
1) Kinaccuvecknii meroa IlusiBckoro:

9, (x) = max{g, ,(x),p(x,y")}; (4)
2) Moaudpukanus 1: #lx)
@, (x,t) = max{g,_ (x),p(x, yk) - t(F(yk) ~ D (yk)} ) (5)
rne 0<¢<t <1.3gech HE MeHseTCs GOPMa COCTABIIAIOIMX MUHOPAHT;
3) Moaguduxkanus 2: / X\ ‘
¢k (x) = max,, ¢(x,y"),
9, (x,1) = (1=, (x) + 14" (x), (0)

rae 0< ¢ <t <1. 31ech UCNONb3YEMbIE MUHOPAHTHI A€HOPMUPYIOTCS.

Touky y*', k >0, HalizeM Kak pelleHHe ClelUaIbHOM MHOIO9KCTPEMAILHOM 3a1auM:
@, (x) =@, (x,t) > min__, . (7)

OueBugHO, 4TO 00€e Moau(pUKAMKM MeToJa B OOIIEM cllyyae MCIOJIb3YIOT He Kacarouiuecs
MUHOPAHTBHI.

Bce monudukanmm, Kak U KJIaCCUYECKUI BApUAHT METO/a, MOKHO MCIOJIb30BaTh JUIsl PEILICHHUS
CTOXAaCTHYECKHMX 3a1a4 IJ00aJbHOM ONTHUMHU3ALMHU, UCIOJIb3ys NpPU ITOM METOJH
MOCJIe10BATEeIbHBIX IMIIUPUYECKUX ANINIPOKCUMALIMHN.



CroxacTnueckuy METOd BeTBeH U I'PaAHMIL.

[lycth mMeeM 3a7auy 0€3 00X OrpaHUYEHUI:
F(x)—>min_,, X =[a,b]". (8)

Cnoco0bl HAYAJIBLHOT0 pa30MeHusl MHOKeCTBAa X @

1) Iapamienenuneaamu; 2) CuMnjieKcamu.

[lycTh {(p(x, y)}yeX - CEMEWCTBO KacaTeNbHBIX B TOUKax y € X MHUHOpaHT mis F(x),

{ veZcX } — KOHEYHOE WUJIM OECKOHEYHOE MHOKECTBO TOUEK U3 X .



CroxacTnuyeCKHH MEeTOJ BeTBeH U I'PDAHMUII.

MuHOpPaHTHbIE TPAHULBI ONITUMAJILHBIX 3HAYEHU ! 1eJIeBOH PYHKIUHU HA
(pparmenTe pazoueHus.

PaccMOTpUM HEKOTOPBIC OIIEHKH CHU3Y JUIs GYHKIMHU F'(X):

F'2 - maxxeX mlnyeZ (D(X, y)

li/JT:
I

Fo =min{p(x, y);

F,=max _, min_, ¢(x,y)




CroxacTnyeCcKH MeTO/I BeTBe M r'PaHMuIl.

Cnenuduyeckue MUHOPAHTHBIE TPAHUIIBI ONITUMAJIbHBIX 3HAYCHUH VI PyHKIIMH
MAaTEeMATH4YeCKOI0 O:KUIAHMS.

Ecnu ydects, uto F(x)=Ef(x,0) nu ¢(x,y)=E@p(x,y,0), TO MOXKXHO MOCTPOUTH U
crieupuyecKkue OlEeHKU CHU3Y i GyHKIuu F(x):

e O =min_, Emax _, ¢(x,,0);
e ®, = Emin _, max,_ @(x,y,6);
e ®,=FEmax , min_, ¢(x,y,0);
e ®, = Emax _, min _ ¢(x,y,0);

e ®, =FEmin _, ¢(x,y,0), x e X.

Kak BHAHO U3 TPEACTABICHHBIX OILEHOK, €CIW IejeBas (QPYyHKIUS SBISETCS
(YHKIHEN MaTeMaTUYECKOTO OXKUJIAHUS HEKOTOPOU (PYHKIMU, TO BOZMOKHO BHECEHHUE
omnepanuy B3STHS MAKCUMYMa WIM MUHUMYMA MOJ] 3HAK MaTEMAaTUYECKOTO OKUIAHUA.



CroxacTnuecKkuy METOd BEeTBeH U rPaHMIL.

Cnoco0bI pasmesibueHus pparMeHTa pa3oMeHus, MMEIero HAMMeHbIIY 0
OLICHKY CHHU3Y.

IIpu pazMenbueHUN «PEKOPIHOTO» (DparMeHTa pa3orMeHus He0OXO0aUMO, YTOObI €0
IMaMeTp CTpeMWICS K HyJdwo. s BBINOJMHEHWS JAHHOTO YCJIOBUS MOYKHO
MCIIOJIb30BaTh CIEIYIONIME CIOCOOBI pa3MEIbYEHUS:

1) HayanbHOE pa30dueHue mnapauienenuineaaMu — pedpa HauOOJbIICH IJIMHBI
napajiejenunesa Jendarcs IOoImojiaM, M OH pa30MBaeTcs Ha JBa HOBBIX
napasuiesienuIea;

2) HavYaJIbHOE pa30MEeHUEe CUMILICKCAMM:
a) peOpo HamOOIbIICH JIUHBI CUMILIEKCA JEJISITCA MOIoJiaM, U OH pa30rBaeTcs Ha
JIBa HOBBIX CUMILJIEKCA;
b)Bce peOpa cuMmIIeKca HENATCS IIOINOJIaM, TaKK€ HaXOIUTCS LEHTP TIKECTH
cpeauH pedep, U OH pa30MBaAeTCs HAa HOBBIC CHMIUIEKCHI C y4acTHEM BCEX

ITOJIYYCHHBIX TOYCK.




YucjaeHHbIE YKCIIEPUMEHTHI.

TecToBass pyHKIMA

JInsi  SKCIEpUMEHTOB  MCIOJb30BAJIACh  CICAYIOIIAas  TEeCTOBas  (PyHKIUA:

f(x)=10n+ Z (x} =10cos(27x,)), Tme n — pasMepHOCTh MpocTpaHcTBa X €[—5;5], ¢
i=1

OllcHKaMM KOHCTaHT Jlummuna ¢yskumu [ =72 u ee rpagueHra L =397; x =0,

f(x)=0;

40T
T

a0




YucjeHHbIE YKCIIEPUMEHTDI.

Moaudpuxkamuu meroaa Iusasckoro

TABJIMIIA 1. Pe3ynbTaThl padoThl KJ1accuueckoro Meroja Ilussckoro (4).

Tabmmma 1 mnoOKa3bIBaeT,
CYIIICCTBEHHOMY COKpAIllCHUIO KOJHWYeCTBA HTEpallnii,

TOYHOCTH 10 10~ 10~ 10"
ITapaboJsioun bl 47 43 39 37
KoHychl 1390 451 198 92

3aJJaHHOU TOYHOCTH.

YTO HCIOJb30BaHHUE KacaTeIbHBIX MapadOJIONJOB BEIET K
HEOOXOMUMBIX JUIT JTOCTHIKEHUS

TABJINIA 2. PesynbTaThl paboThl MoaUbUIIMpOBaHHOTO anroputMma Ilussckoro (5).

Howmep nrepanmu | K-Bo munopanr | Tounocts | Homep urepanuu | K-Bo MuHopaHT | TOYHOCTH
10 8 543,44 70 38 28,14
20 12 122,01 80 43 7,49
30 19 59,53 90 48 0,26
40 23 23,34 100 52 0,0008
50 27 13,26 105 56 0,00006
60 33 37,51

Tabnuua 2 mnoka3plBaeT, YTO HCIOJB30BAHME HE KAacalOlIUXCS MHUHOPAHT MPUBOIUT K
O0TOpachIBaHUIO (MIOJHOMY MaKOPUPOBAHUIO) HEKOTOPBIX COCTABJISIOMINX MUHOPAHT, YTO B CBOIO
odepeib YIPOIIAET MOUCK MUHUMYMAa PE3YJIbTUPYIOIMIEH MUHOPAHTHI.



YucjieHHbIe YKCIIePUMEHTHI.

MeToa BeTBel M IPAaHUL

TABJINIIA 3. Pe3ynbTaThl pabOThl AJITOPUTMA METOA BETBEU M I'PAHMUIIL.

PazmepHocTh Cnoco0 Bun XapakTepuCTUKHU Bu onieHkH CHU3Y
IIPOCTPAHCTBA pa3OoucHHS MUHOPAHT aJIropuTMa F, |F, |F |F
Urepannmn 47 167 125 |59
[Tapabonouy | OcraBiacHHbBIE 3 2 3 3
CHUMILJICKCBI
: 1, 2a,2b Utepamm 197 293 |93 [163
Konyc OcTaBiicHHBIC 71 141 |58 |75
CUMILJICKCHI
Wrepanun 12453184 | 618 | 1612
1 OcTaBieHHBIC 18 |41 7 |21
CUMILICKCBI
Urepannn 255514531 5172847
2 2a [Tapa6onouns | OcraBiieHHBIE 27 |55 |8 |49
CUMILJICKCHI
Hreparun 2271137071269 | 2661
2b OcraBiicHHBIE 22 |67 17 |69
CUMILJICKCHI

Tabmuma 3 moxkaswiBaeT, 4To HambOoisiee 3(PPEeKTUBHO MeToA paboTaeT MpPHU HCIOJIb30BAaHUU
SBPUCTUYECKON OLEHKU CHU3Y F; =max _, ¢(X,)).




YucjieHHbIE IJRCIICPUMECHTDbI.

CroxacTnueckas rjiooajbHas ONTHMU3AIUSA

JI71s1 TECTUPOBAHUS CTOXACTUYECKUX aJITOPUTMOB MCIIOJIb30Balach (OyHKIIMS:
f(x,)=(x-1-0)(x-3-0)(x-7-0)(x—-11-0),
rie 6 — paBHOMEpHO pacripenenicHHass Ha otpeske [0;1] cimywaiinas Benmuumna, x €[1;11].

HeTpynHO BBIYMCINTE, YTO

F(x)=Ef(x,0)=x"—-24x" +187x" = 537x + 1430051 :

JlerepMUHUpPOBaHHBIE OLEHKK KOHCTAHT Jlunmmua /=537, L =374 ¢ysxkuuun f(x,0) u ee
rpagueHTa. x =9.977; F(x)=-201.667.
Anmpokcumupyem F(x) sMnupudeckoud ¢QyHkunuein £ (x)= (1/ N )Zil f(x,0), tne 6, —

HE3aBHUCUMbIE PABHOMEPHO pacripeaeiacHHbie Ha oTpe3ke [0;1] ciydaliHble BETUYHUHBI.

TABJIMIIA 4. Pe3ynbtaThl padoThl aIropuTMa MeTojia BeTBer u rpanuil mpu N = 300.

Bun onieHku CHHU3Y
Bung munopant | X-KkH F F, | o | o F F
ITapabomoun | Urepanuum | 20 |32 |31 20 19 |26
Konyc Urepamuu | 1991 | 3935 | 3886 | 2041 | 1961 | 1973

Tabnuna 4 moKa3bIBa€T, YTO OIEHKH MCIOJB3YIOIIME BHECEHHUE OIMepalii B3STUS
MakCHUMyMa WJIM MHUHUMYyMa TIOJ 3HAaK MaTeMaTHYECKOro OXHAaHWUS padOTal0T HE MEHee
3 PEKTUBHO, UEM OLICHKH caMOi (PYHKIIMM MAaTEeMaTUYECKOIO OKUIaHUS.



TABJIMIIA 5. Ouenka paOoThl AJITOpUTMA, Ipu N MPONOPIMOHATBLHOM YUCTY UTEpaIU.

YucjaeHHbIe JKCIIEPUMEHTDI.

CroxacTnyeckas rjiodoajabHas onnTuMHM3aANuA

K, F, o,
Urepanmu | Anropurmugeckast TouHOCTB | AlropUTMHYECKAS TodHOCTb | AllropUTMHUYECKAS TouHOCTB
TOYHOCTD TOYHOCTD TOYHOCTD
10 22.645 11.656 321.518 186.017 |321.518 186.017
20 0.095 2.091 4.221 0.842 3.423 0.842
50 0.049 0.715 0.056 0.709 0.018 0.678
100 0.001 0.452 0.000 0.452 0.006 0.445
200 0.005 0.412 0.069 0.359 0.055 0.343
300 0.009 0.335 0.009 0.335 0.011 0.300
D, i i
10 22.645 11.656 6.426 1.920 35.065 11.656
20 0.095 2.091 0.117 2.093 0.057 2.007
50 0.049 0.715 0.049 0.715 0.054 0.709
100 0.001 0.452 0.001 0.452 0.001 0.452
200 0.073 0.356 0.073 0.356 0.068 0.359
300 0.009 0.335 0.009 0.335 0.009 0.335

Tabnuna 5 Mokas3bIBaeT, YTO B CTOXACTHUUYECKOM METOJIE BETBEW M TPAHUI] MPU HUCIIOIb30BaHUU
MOCJIE0BATEIbHBIX AMIIMPUYECKUX AMMPOKCUMAIIMI BO3MOXKHO HCIOJIb30BaHUE HE PUKCUPOBAHHOIO
yuciaa HaOMIOACHUN CIIydyalHOW BEJIWYMHBI, a IOCTENEHHO YBEIWYHUBATh €r0 C POCTOM YHCIa

UTEpALUA.
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