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B.W. HOPKWH, B.0. OHULLIEHKO

O INOBAJIBHOW MUHUMU3ALIMK
GYHKLUA MUHUMYMA
METOZIOM MUHOPAHT

Beenenue. B paGore [1] nokasaHo, 4To U3BecT-
HBIH MeToJ rnobanbHOM onTHMH3auuM [Tuse-
ckoro [2-4], mo cymecTBy SBISETCA METOAOM
ONTUMH3aLHH GYHKLHMH MaKCUMyMa:

[®(x)=max ; f(x,2)] > mincy. (1)

Meron ITugBCKOro HCMONB3YeT MOHATHE Kaca-
TEbHBIX MHHOPAHT 11 (QYHKUHH, MHHHUMYM
KOTOpPOH HYXHO HaHTH.

Onpenenenne 1 [1]. ITycte X - Tononoru-
yeckoe MpocTpaHcTBO, (pyHKuMM D(x), x€ X,

" @(x,y), x€ X, y€ X cBa3aHbl YCIOBUAMH:
(i) ®(x)Z2@(x,y) s Beex xe X, ye X ;
(i) @(y) =@(y,y) ans Beex y€ X ;

(iii) dyHkuus @(x,y) HenpepsIBHA 110 X pas-

HOCTENEHHO Mo V.

Torna dyuxumu {@(,y), y€ X} Haspizatorcs

KacaTenbHBIMH (B TOYKAX Yy ) MMHOPAHTaMH Ui

dynkuun O(x).

Onpenenenne 2. Oyuxkuus @(x,y) Ha3biBa-

€TCA HeNpephIBHOM MO X pPABHOCTEMEHHO I10
y€ X (BO3MOXKHO, pa3pbIBHOW Mo ¥ ), €cli Ans
moboro € >0 wnaimercs & >0 (He 3aBHcALIee

oT y) Takoe, 4TO AnA JIHOOBIX e X,
"xl - x2” <&, Gyner lqa(xl, y)-o(x%, y)|<e.

Jlemma 1. Ecnu dyukuus @(x,y) Hempe-
pbIBHA [0 COBOKYITHOCTHM MEpPeMEHHBIX (x,y),
TO OHAa paBHOMEPHO HerpepbiBHA 1O (X, V)

H, C/Ie10BaTE/IEHO, HEMPEPBIBHA N0 X pPaBHOCTE-
MEHHO No y.
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Takum obpasom, ecu lim,_,,, (o(x",yk) =@(x,y) mig MoOBIX TOCIEN0BATENb-

Hocrelt x* — x, y¥ = y,T0 @(x,y) HempepblBHA 0 X PABHOCTENEHHO 110 Y .

3ameuanne 1. AHaNOrMYHO ONpeaeNAlOTCA KacaTelbHble MaKopaHThl. [IuaBckuii
[2] paccmaTpuBan HenpepbiBHbie 10 (x,y) MuHopauThl, HopkuH [1] usy4an uenpe-

PBIBHBIE N0 X PABHOCTENEHHO MO Y MHHOPAHTEHI H MOCTPOMI HCHHCIIEHHE MHUHOPAHT,
a Xamucos [8] paccMaTpuBaer BOTHYTbi€, BOBMOMHO, Pa3pbIBHBIE IO X MHHOPAHTHL.
Huke MBI IoTycKaem, HarnpUMep, KBa3HBOTHYThIEe pa3pbIBHbIE N0 X MHHOPAHTHI.

Hna ¢pyHkuud makcumyma P(x) w3 (1) onpenenum Z(x)=argmax . f(x,2).
Torpa dynxkuma @(x,y)= f(x,z(y), z(y)€ Z(y), aBnaerca KacaTeJbHOH B TOuKe
y MAUHOpaHTOH s F(x).

Yacto metoa [THABCKOTO NMpPHUMEHAETCA /U1 ONTHMH3ALMH (GyHkumit JIummuna,
T. €. (DyHKUHIH YIOBIETBOPAIOWHX YCIOBHIO ]d>(x) —@( y)l < L"x— y" AnA MobbIX X,
Yy M3 MHOXKeCTBa X M HeKOTopoi# koHcTaHTel L >0. B 3Tom ciy4ae B kauecTBe Ka-
caTeNnbHbIX MHHODAHT HCIONB3YIOT KacaTellbHble KOHYChl @(x,y)=®(y)— L||x = y“ ;
B paGore [1] ansa rnaakux GyHKUHHA ¢ JMMIIMUEBBIM PAJHEHTOM B KadecTBe Kaca-
TEJIEHBIX MHHOPAHT Npelaraioch HCMOAB30BaTh KacaTeabHble Mapabonouel, a B [5]
MOKa3aHo, YTO 3TO 3HAYMTENLHO YBeIUuMBaeT 3 (PEKTUBHOCTE METOIA.

B nacrosmei paborte Mbl pacnipoctpaHseM MeToa MHHopaHT (IIuaBckoro) Ha 3a-
Nau¥ MHHUMM3AIMH QYHKIMH MHHHMYMa (MTH MAKCHMU3AIMH QYHKIHMH MaKCHMyMa)

[F(x)=min, f(x,z)] > miny. )

[pennonoxum, yro pynkimu f(x,z) AOMYyCKAIOT NPH KAKIOM PUKCHPOBAHHOM
z€ Z kacarenbHble B TOYKaX Y& X MUHOpaHTBl @(x,y,z). 3aMeTHM, 4TO TOrJa
GyHkumuu  @(x, y) =min c, ¢(x,y,z) ABAAOTCH KacaTeNbHEIMH MHHOPAHTAMH /A
byHKIUA MUHUMYMa F'(x).

PaccmoTpum npuMepsl NpakKTHYECKHX 33]ay, pellieHHe KOTOPhIX CBOOWTCA K Ha-
XOXKACHHIO pelleHus 3aaa4M Bua (2).
Ipumep 1 (3apaua pasMelneHus cepsucHbix UeHTpoB) [7]. Tlpeamonoxkum, 4to

notpeGHTen HEKOTOPON YCiyrd pactipefeneHsl B obmactu Q C R™ cornacHo pac-
npeaeneruio P(dw). ITycTs cTOMMOCT 06CTY)KHBAaHHS KITHEHTA, KHBYIIETO B TOUKE

W€E Q M3 CepBUCHOrO LEHTPa, PACNONOKEHHOTO B To4yke x;€ X C R™, 3amaercs

dyHkumei c(x;, ), Hanpumep, c(x;,w) = c(”x,- - a)| ) , B YaCTHOCTH,

o
||xi - “’”

c(x;,w)= ﬁ,a2ﬁ>0, ¥>0. (3)

v +|xi -0l

Eciu uMeeTca n CepBHMCHBIX LEHTPOB B TOYKAaX Xp,...,X, € X, a KIHeHT BeiOHpaeT
GnkaiIMi LEHTP, TO CTOMMOCTBE 0OCTY)KHBaHHA KIMEHTa @ 3aaaeTcs QyHKuued

Teopin onmumansiux piwens, 2004, Ne 3 57



B.M. HOPKHH, 5.O. OHULLIEHKO

f(x,0)=min g, c(x;,0), x=(x,....%, ). (4)

3ajaua COCTOMT B pa3sMeILEHHH 1 CEPBHCHBIX IIEHTPOB TaK, YTOOBI COBOKYIHBIC
OXKHIaeMble 3aTpaThl 00C/yKUBaHUA BeeX noTpeburesieil ycayry Oblid MUHUMAaNbHbL:

F(x)= J'Q {min,;c, c(x;,®)}P(dw)— min,cp, (5)

rae D — MHOXECTBO JOTMYCTHUMBIX MO3MUMH ueHTpoB. KoopauHaTh! LEHTPOB MOTYT
YIOBJIETBOPATh HEKOTOPBIM JIOTIOTHHTEBHBIM OrpaHHYeHHsIM, HalpUMep, OHH MOTYT

OBITH YIOPAA0YEHBI [0 OTHOLIEHHIO K HEKOTOpPOMY Harpasnenuio d € R™ | torza
D={x=(%,...x, )| 5 € X,00r X, € X3 dx; Sy, i=L,....n~1}.

JlokanbHelt MUHUMYM B (5) MoxeT ObITh HaitlleH cleayIolMM HTepalMOHHbLIM
anroputMoM. [lycTe HayalbHOE MOJNOKEHHE CEPBUCHBLIX LIGHTPOB x° =(x,°,...,x2).
A Ha k-o# HTEPALHH MNOJIO}KEHHE CEPBHCHBLIX LIEHTPOB MYCThb 3a4a€TCid BECKTOPOM

o (,wc,"c ,...,xﬁ) . Pacnipenenum KIMEHTOB MeXIy CEPBUCHBIMH LIEHTPAMH (xf‘ ,...,x,’f )
TaK, 4roObl KaxabiH obcnyxusancs OnwkaliimM K HEMY IIEHTPOM, T. €. pazobbem £
Ha n HemnepeceKarolMXCs IOJAMHOKECTB Qf, i=1l,..,n, TakUM cnocoboM, YTO
i =arg ming;e, c(xf ,a)) Uil BCEX WE Q’-‘ . OuepenHoe NpHOMMIKEHHE MONOKEHHSA

k+1 k+l
=(x " ..

CEpPBMCHOTO HeHTpa x'' ) wHaiineMm kKak (npuOnWKEeHHOE) pelleHue

3a/1a4¥ BBITYKJIOrO NMPOrpaMMHPOBaHHs
Fk(x) Z I c(x;,w)P da))—)mmxep

[Tycte ¢dyHKUMHA cToUMOCTH c(x,) oOCny»)uBaHHA (PUKCHPOBAHHOIO KJIHEHTA

() 3 LEHTpa B TOYKE X JIOMYCKAIOT KacarelbHble MHHOpaHTHl @(x,y,w). Torma
(byHKUMH

@(x, y,0) = min g, (x;, y;,0) (6)

ABJISAIOTCA KacarelbHbIMM (B TOYKaX ) ) MHHOpaHTaMH (YHKLMH MUHHMYyMa
f(x,w)=min, c(x;,®) , a bynxkuun O(x,y)= _‘.ﬂ(p(x, y,w)P(dw) aBnsaiores Kaca-
TeJIbHbIMM MUHOpaHTamu F(x).

Ecnu c(x,w) — rnankas no x (yHKLHS C JTUMIUMLEBLIM FPAJIHEHTOM, TO B Kade-
CTBE KacaTeJNbHBIX MMHOPAHT ((X,y,)) MOXHO B3iTh KacaTesbHble Mnapaboson/bl.

3ameTHM TaKKe, UTO byHKIMS C(x;,(0) = |% = o / (y +||x; —m"ﬁ ) nMpeacTaBuMa Kak

PA3HOCTh ABYX BBIMYKIBIX QYHKIHMH,
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c(x,w)= l”x - a)"a -
Y

[TosToMy B KauecTBe ee KacaTenbHOH B TOYKE Y MHHOPAHTBI MOXKHO B3ATh BOTHYTYIO

DyHKIHIO

Je-of”

(v +le-off)
ITpamep 2 (cxatue nanHbix). Ipumep | Moxker ObITh MHTEPIIPETHPOBAH KaK 3a-

Jlavya CKaTUs UIIM 3KOHOMHOTO MPEACTaBIeHHs JaHHbIX (), HMEIOLIUX pacrpelelieHue
P(dw), B Buae KOHEHHOMEPHOro BekTopa (X,...,X,). IIpM 3TOM MHOXecTBO Bcex

1 a -
¢(x,y,w)=;||y-a>l| +%l|;v-w|l Hy-w)x-y)- )

AaHHbIX £ pa3buBaeTcs Ha MOAMHOXeCTBA £, TOYEK (), AN KOTOPBIX X; ABIAETCS
Onuwxkatiled Toukoit W3 Habopa (X;,...,x, ). Takum obpa3om, Touke X; MOXKHO MpPHITH-
cartb Bec P(£2;).

ITpumep 3. 3a1a49a MaKCHMH3AIHY CPEIHETO BPEMEHH JKM3HH CETH HMeeT BUJL:

max . y [F(x) = E,, max ., min,c, 7,, (x,0)],

rae z — MyTh M3 KOHEYHOrOo MHOMKECTBA IyTeH Z , coenuusomux "Bxoa" u "Beixon"
cetw; T, (¥,0) — ciyvaiHOEe BpeMA JKH3HH JJIEMEHTA € IIYTH Z; X — BEKTOp ONTH-

MH3HpPYEMBIX MapaMeTpoB, HallpUMep, HHBECTHLIMM PECYPCOB B JJIEMEHTHI CETH; () —
BEKTOp ClyuaiHbiX dakropoB; E, — CHMBOJ MaTeMaTHYECKOrO OXUIAHMA M0 (.
ITpo6GremMa cOCTOMT B HAXOXKAEHHH riobanbHOro Makcumyma F (x) Ha J0MyCTHMOM
MHOMKecTBE X .

Obosnaunm 7,(x,@)=min ., 7, (x,@) — Ccoy4yadHOE BpeMs JKM3HHU MyTH Z,
z(x,) € argmin ., 7, (x,@). Torna GyHkuwan @(x, y,2,0) =Ty o) (X,0) SBAAIOTCA
KacaTe/bHBIMH B TOYKAaX y MayKOpaHTaMH i BEIHYMHBI T, (X,®), (yHKIMH
O(x,y,0)=max 7 T, yi0) (x,00) ABNAIOTCA CTOXACTHYECKUMHM KACATENBHBIMH B TOY-
Kax y MaxkopaHTamH Ui f, (x,)=max ., T,(x,®) — Cly4aiiHOro BpEMEHH KU3HH
cetd. OyHkumn @(x,y) = E ¢(x, y,0) ABIAIOTCA KacaTe/NbHbLIMH B TOYKax y Maso-
panTamu ana F(x).

Metox muHopaHT. B pabote [6] onMcaH CTOXacTHYECKUH METOJ BeTBEH M rpa-

HHL ¢ MUHOPaHTHBIMH OLIEHKaMH CHH3Y 1ieneBod ¢yHkimu. Tak kak npeanonaraercs,
yto yHkumus F(x) B 3amade (2) AOMycKaeT KacaTeNbHbIE MHHOPAHTBI, TO 1A €€ pe-
LIEHHS BO3MOKHO MCIOJIb30BaHUE AJITOPHTMA, UCTIONB3YIOIIETO YKAa3aHHBIA METO.
[lycte F(x)=Emin,y f(x,z,@). Ecnu BeposTHOCTHas Mepa [HMCKpeTHA, TO
Orepauus B3STHS MAaTeMaTH4eCKOro OXKHaHHMA CBOJAMTCA K HAXOXKICHHUIO CYMMBL:
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F(x)= ZUE oPoMin ey f(X,2,0), e p, — 3HAYEHHA BEPOATHOCTH DIIEMEHTAPHO-

ro cobeitua . B ciyuae ofliei BEpOSTHOCTHOH Mepbl annpoKCUMUpyeM 3anauy (2)
IMITHUPHYECKUMH CPETHUMH:

min e x [Fy () =1/N Y " miny £(xz,00], @)

rie ©* — HesaBMCHMBIE HabmoaeHus cmy4alHoro napamerpa @. Ecnu dyHkumn
Fy(x) paBHOMepHO cxomsTes K F(x)=Emin,y f(x,z,@), TO BMECTO HCXOMHO

3aaa4 (2) MOXKHO peluaTh NpuOmmKeHHY0 3anauy (8) [6].
B metone BeTBe# M rpaHMI Ha Kax/0# uTepauuu N MMeeTcs Tekyllee pasGue-
HUe X, MCXOoAHOro MHoxecTBa X . Jlng kakpaoro aneMenTa Y € Xy UMEIOTCH Teky-

e BepxHas Uy (Y) v vwknas Ly (Y) OleHKH BeTMYMHBI ONTHMAILHOTO 3HAYEHUSA
Ey =min .y Fy(y), T. €. LN(Y)SF,; SUN(Y). Obo3nauum Yy — pekopHOE MHO-
KecTBO pasbuenns Xy, T.e. Ly(Yy)=miny.s L(Y). AIrOpuTM METOAA COCTOMT M3

noc/Ie0BaTENEHOCTH CIIEAYIOUIHX OTepaLiHii.
lar 1 (seTBnenue). ITycts MHOKECTBO Yy, BbIOMpaeTCH JUIA BETBIEHU, T. €. OHO

MOkeT GBITB MPEICTaBIEHO B BHJE 00BEJMHEHHs HECKONILKHX MOAMHOMKECTB BHAA
Yap €Yy, k=12,..., Tak, uto ¥y =U, Yy, . Takum ob6pazom HOBOe paszbreHHe uMeeT

BHIL Ty =(Zy \YN)U(UkYNk)'

Ilar 2 (oneHka). lns snemenToB Y€ Xy, HOBOro pasbuenus Ty, Nepesbl-
YHCTIAIOTCS  BEJMYMHBI OUEHOK Ly, (Y) u Uy, (Y) onTtuManeHoro 3sHaueHus
F;H =min ey Fy,(y) $ysakuum Fy,(y) Ha snemeHte Y. B kauecTBe OLEHKH

Uy (Y) MoxHO B3aTh 3HaueHHe QyHKUMH Fy . (y) B HekoTopoit Touke Y€ Y, Ha-
[puMep, TOYKe JIoKanbHoro MuHumymMa Fy ., (y) na Y . B xauectBe Ly (Y) moxHO

1 N 3
m k=-: (a(x’yawk) Ha Y, rae y -

HekoTopas GUKCHPOBaHHasd TOYKa y € ¥, WK Jpyrue nofaoOHbie OLEHKH.

B3ATh MHHMMYM MHHOpaHTBI @, (x,¥)=

Mlar 3 (ynaneuue). Eciu N +12M , 1o u3 pasbuenus Zy,, ynansiorces Gecriep-
CrieKTHBHBbIE MHOXKecTBa ¥ Takue, 910 Ly, (Y)>minyey Uy (Y)+€, Mt 1.

3710 cTaHHApTHEIM METO BeTBeH M rpaHull, 3a UCKIIOYSHUEM TOTO, YTO HA KaxkK-
[IOH €ro uTepalHH HCIOJb3YHOTCH OLIEHKH TMOAMHOMKECTB HE Ha OCHOBE HMCXOIHOH

dyukuun F(x), a Ha ocHOBe NpUOIMIKEHHBIX hyHKIMH Fy (X).

O6Go3HauuM £y, =SUP s gy SUP e x [F (x)-Fy (;c)] . OueBHaHO, B CHIy paBHOMEp-
HOM cxoqumocTH Fyy (x) k F(x) Ha X umeer mecTo limy, .. €y =0.

Teopema 1 (o cxogumoctH). [Tycte F(x) — HenpepbiBHAsA (DYHKLIMA, TIOCIEIOBA-
TeIbHOCTh {FN(x),N =1,2,...} paBHOMepHO cxomuTci K F(x) Ha X, &y <g/2.
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